The circular peak set of a permutation σ is the set {σ(i) | σ(i−1) < σ(i) > σ(i+1)}.
Suppose that S = {i 1 , i 2 , · · · , i k }, where i 1 < i 2 < · · · < i k . Pierre Bouchard et al. [1] proved that the necessary and sufficient conditions for CP n (S) = ∅ are i j ≥ 2j + 1 for all j ∈ [k].
Let P n = {S | CP n (S) = ∅}. We can make the set P n into a poset P n by defining S T if S ⊆ T as sets. See [1] for the properties of the poset P n .
In this paper, we focus on the enumerations for permutations by circular peak sets. Let cp n (S) denote the number of the permutations in the sets CP n (S), i.e., cp n (S) = |CP n (S)|.
For the case with |S| = 0, 1, 2, we derive the explicit formulas for cp n (S). For the general case, we consider the recurrence relations for cp n (S). We find that if n ≥ 3 and S ⊆ [n − 1] with CP n (S) = ∅, then cp n (S) satisfies the following recurrence relation cp n (S ∪ {n}) = [n − 2 − 2|S|]cp n−1 (S) + j / ∈S 2cp n−1 (S ∪ {j}).
But we are more interested in another recurrence relation as follows: suppose n ≥ 3, k ≥ 0 and S ⊆ [n − k − 1] with CP n (S) = ∅, then cp n (S ∪ [n − k + 1, n]) = 2(k + 1)cp n−1 (S ∪ [n − k, n − 1]) + k(k + 1)cp n−2 (S ∪ [n − k, n − 2]).
First, let k ≥ 1, n ≥ max{3, 2k} and CP n ([n − k + 1, n]) = ∅, by this recurrence relation, we conclude that cp n ([n − k + 1, n]) = k(k + 1)
where the coefficients b k,i satisfy the following recurrence relation: . And then we study the connections between this recurrence relation and the circular-peak path with weight. A circular-peak path is a lattice path in the first quadrant starting at (r, 0) and ending at (n, k) with only two kinds of steps-horizon step H = (1, 0) and rise step R = (2, 1). We consider a circular-peak path P from (r, 0) to (n, k)
as a word of n−r −k letters using only H and R. Let P r,n,k be the set of all the circular-peak paths from the vertices (r, 0) to (n, k). Given an integer i and P = e 1 e 2 · · · e n−k−r ∈ P r,n,k , if the step e j connects the vertices (x, y) with (x + 1, y), then the weight of e j , denoted w i (e j ), is 2i + 2(y + 1); if the step e j connects the vertices (x, y) with (x + 2, y + 1), then the weight of e j , denoted w i (e j ), is (y + i + 1)(y + i + 2); at last, let w i (P ) = n−k−r j=1 w i (e j ) be the weight of the circular-peak path P and w(i, r, n, k) = P ∈P r,n,k
We must give the formula for w(i, r, n, k) as follows:
where the sum is over all (k+1)-tuples (t 0 , t 1 , · · · , t k ) such that k m=0 t m = n−r−2k and t m ≥ 0.
For any S ⊆ [3, n], define the type of the set S as (r
. We may state one of the main results of the paper as follows:
where i 0 = 0, when m ≥ 2 and CP n (S) = ∅.
The paper is organized as follows. In Section 2, we will consider the enumerations of the permutations in the sets CP n (S) with |S| = 0, 1, 2. In Section 3, we will derive some recurrence relations for the sequences cp n (S) and give the formula for cp n (S) in the general case. In the Appendix, we list all the values of cp n (S) > 0 for 3 ≤ n ≤ 8.
The Enumerations for The Permutations in The Set
CP n (S) with |S| = 0, 1, 2
In this section, we will consider the enumeration problems of the permutations in the sets CP n (S) with |S| = 0, 1, 2.
Let cp n (S) denote the number of the elements in the sets CP n ({S}), i.e., cp n (S) = |CP n (S)|. First, we need the following lemma.
Conversely, for any σ ∈ CP n+1 (S), the position of the letter n + 1 is 1 or n + 1, i.e., σ −1 (n + 1) = 1 or n + 1, since n + 1 / ∈ S.
Hence, cp n+1 (S) = 2cp n (S).
(2) Iterating the identity in (1), we immediately obtain that cp n (S) = 2 n−m cp m (S).
For any σ ∈ S n , let τ be a subsequence (σ(
and i < j.
Proof.
(1) For any σ ∈ S n , suppose that the position of the letter 1 is i + 1, i.e., σ
For each letter j = 1, the position of j has two possibilities at the left or right of 1. Hence,
(2) By Lemma 2.1(2), we first consider the number of the permutations in the set CP i ({i}), where i ≥ 3. For any σ ∈ CP i ({i}), suppose that the position of the letter
(3) It is easy to check that the identity holds when i = 3 and j = 4. By Lemma 2.1(2), we first consider the number of the permutations in the set CP j ({i, j}), where 3 ≤ i < j.
We begin from the case σ ∈ CP j ({i, j}) with σ −1 (i) < σ −1 (j). Let
Note that T k (σ) = ∅ for k = 1, 2 since σ must have a circular peak i and
We discuss the following two subcases.
, the subsequences of σ, which is determined by the elements in T k (σ), corresponds to a permutation in CP |T k (σ)| (∅). The subsequences of σ, which is determined by the elements in T 4 (σ) and T 5 (σ), are decreasing and increasing, respectively. So, the number of the permutations under this subcase is
where the first sum is over all pairs (T 1 , T 2 ) such that T i = ∅ for i = 1, 2 and
the second sum is over all triples (T 4 , T 5 , T 6 ) such that T 6 = ∅ and
Then, for k = 1, 2, 3, the subsequences of σ, which is determined by the elements in T k (σ), corresponds to a permutation in CP |T k (σ)| (∅). The subsequences of σ, which is determined by the elements in T 4 (σ) and T 6 (σ), are decreasing. The subsequences of σ, which is determined by the elements in T 5 (σ) and T 7 (σ), are increasing. So, the number of the permutations under this subcase is
where the sum is over all triples (T 1 , T 2 , T 3 ) such that T i = ∅ for i = 1, 2, 3 and
Similarly, we may consider the case σ ∈ CP j ({i, j}) with σ −1 (i) > σ −1 (j). Therefore,
In general, for any n ≥ 3 and 3 ≤ i < j ≤ n,
Proof. Suppose σ ∈ CP n−1 (S). We want to form a new permutation τ ∈ CP n (S ∪ {n})
by inserting the letter n into σ. For any j ∈ S, since the letter j still must be a circular peak in the new permutation, we can't insert n into σ beside j. But the letter n must be a circular peak. So, there are (n − 2 − 2|S|) ways to form a new permutation τ from σ such that τ ∈ CP n (S ∪ {n}).
For any j / ∈ S with j < n and σ ∈ CP n−1 (S ∪ {j}), we must insert n into σ beside j such that n becomes a circular peak. So, there are 2 ways to form a new permutation τ from σ such that τ ∈ CP n (S ∪ {n}).
Hence,
For any S ∈ [n], suppose S = {i 1 , i 2 , . . . , i k }, let x S stand for the monomial
In particular, let x ∅ = 1. Given n ≥ 3, we define a generating function
We also write g n (x 1 , x 2 , . . . , x n ; y) as g n for short. 
for all n ≥ 3 with initial condition g 3 = 4 + 2x 3 y, where the notation ∂gn ∂y denote partial differentiation of g n with respect to y.
Proof. Obviously, g 3 = 4 + 2x 3 y and
cp n (S)x S y |S| . Hence,
Note that
Therefore,
∂g n ∂x i − 2x n+1 y 2 ∂g n ∂y .
Lemma 3.2 Suppose that k ≥ 0 and n
Proof. For any σ ∈ CP n (S ∪ [n − k + 1, n]), we consider the following four cases.
Case 1.
There is no letters i ∈ [n − k + 1, n] such that the position of i is beside n − k in σ, i.e., |σ
or n since the permutation σ hasn't a circular peak n − k. We can obtain a new permutation τ by exchanging the positions of n − k and n in σ. Clearly, τ ∈ CP n (S ∪ [n − k, n − 1]). Lemma 2.1 (1) tells us that
Hence, the number of permutations under this case is 2
Case 2. There are exact two letters j, m ∈ [n−k+1, n] such that |σ −1 (j)−σ −1 (n−k)| = 1 and |σ −1 (m) − σ −1 (n − k)| = 1. Deleting j and m, we obtain a subsequence τ of σ . Then
Note that there are k(k − 1) ways to form the pairs (j, m). Hence, the number of permutations under this case is
Case 3. There is exact one letter j
Then there are k ways to form the set {j}. Let τ be the subsequence of σ obtained by deleting j. There are the following two subcases.
Hence, the number of permutations under this subcase is k · cp n−1 (S ∪ [n − k, n − 1]).
Hence, the number of permutations under this subcase is k
So,
Setting S = ∅ in Lemma 3.2, we derive the following results.
Then the coefficients b k,i satisfy the recurrence relation as follows: 
Then the coefficients a k,i satisfy the following recurrence relation: Proof. When k = 0, by Lemma 2.1, we have cp n ([n + 1, n]) = cp n (∅) = 2 n−1 . Hence,
. When k ≥ 1, it is easy to check that
Hence, by Theorem 3.1, we have
By Corollary 3.2, we compute the values of a k,i for all 0 ≤ k ≤ 3 as follows. Table. 2. The values of a k,i for 0 ≤ i ≤ 3
Recall that w(i, r, n, k) = P ∈P r,n,k w i (P ), where P r,n,k is the set of all the circular-peak path from the vertices (r, 0) to (n, k) and w i (P ) is the weight of path P ∈ P r,n,k . Proof. Suppose that P = e 1 e 2 · · · e n−k−r ∈ P r,n,k . Let R = {j | e j = R}, then |R| = k.
Furthermore, we may suppose that R = {e j 1 , · · · , e j k }, where 0 = j 0 < j 1 < j 2 < · · · < j k ≤ n − k − r = j k+1 . Hence, 
Proof. We view the set S ∪ [n − k + 1, n] as a vertex (n, k). Connect the vertices (n, k) with (n − 1, k) (resp.(n − 2, k − 1)) and give this edge a weight 2(k + 1) (resp.k(k + 1)). We draw the obtained graph as follows: Fig.1 . the obtained graph from the recurrence relation in Lemma 3.2
Conversely, from the graph, we also can derive the recurrence relation in Lemma 3.2. Repeating this processes, we will obtain the following graph with weight. 
For any S ⊆ [3, n], suppose that the type of the set S is (r 
Appendix
For convenience to check the identities given in the previous sections, by the computer search, for 3 ≤ n ≤ 8, we obtain the number cp n (S) of the permutations in the sets CP n (S) = ∅ and list them in Table 3 . Table. 3. cp n (S) for 3 ≤ n ≤ 8 with CP n (S) = ∅
